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ABSTEACT 

An attempt is made to define the meaning of invention 
and innovation in mathematics education in order. to help develop 
guidelines for policies of research and development in this area. 
Spectrums of invention in the realms of geometry and group theory are 
proposed as models of ordering understanding of creative activity 
within mathematics. This document outlines areas for future research 
and study, and promotes the concept of international cooperation as 
critical in the development of criteria or standards promotion and 
administration of creative activity, (MP) 
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CREATIVb ACTIVITY IN MATHhMATlCS bUUCATlUN: A FlkST 
ATTEMPT AT DEFINITION AND PROBLEM-IDENTIFICATIUN* 



A . G , Howson, Southampton, Enylanu 
Ian Westbury, Urbana, USA 

I. Innovation ana Invention in \iathematici:. Education 
. . .elementary algebra (E\iA} can be considered as reconstruction 
of modern alyebra on an elementary level. This reconstruction is 
not a trivial by-product of the development of iriathematics in 
general, but needs particular effort, the organization ana per- 
formance of which is the task of didactics of mathematics. 

H, G. Steiner (197^*) 
To begin writing [ Elements de Mathematique ] , Bourbaki had 
to devise mathematical goals which his readers were expectea to 
reach, and then he had to devise appropriate mathematical paths to 
these goals. From existing mathematical treatments he had to 
devise suitable language, especially by selecting suitable defini- 
tions, so that he could then deduce all of the mathematics he 
wanted, exposing it for his readers in a logical and beautiful way. 
To do al! this involved immense toil and presumably some false 
starts. . , 

H. B, Griffiths and A. G. Howson (197^) 
Each of the above statements describes activity displaying 
what can be termed creative, mathematically-derived innovation and 
discovery within mathematics education. They refer to exploration 
of principles, structures and conclusions within mathematics which, 
when rendered in a form appropriate to the realities of the class- 

*This paper draws on "suggestions made at a working group on 
invention in mathematics education consisting of P. Damerow, H. 
G. Steiner, H, J, Vollrath, A. G. Howson, and L Westbury. F. 
Schrag of the University of Vvisconsin at Madison offered helpful 
comments on an earlier version of this paper. 
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room and school, have educational or peUayoyical utility. Of 
course, different conceptions of education ^d different traaitions 
of curriculum development liave their differeiU accompanyincj forms 
of creative activity, but in any case the task that the creative 
worker undertakes might be regarded as analogous to the pro- 
cesses of iniiovation and invention within technology. Such an 
analogy suggests an analytical separation of 'invention' and in- 
novation' from research and applied research, with the implication 
that it is the aim of invention and innovation to effect durable, 
workable changes in ongoing states ot affairs. By exploiting the 
'inventive' connotations of the term 'invention' such an analogy 
focusses on the difference between routine and creative develop- 
ment. As Usher (1955) suggests 

the distinction between acts of skill and inventions is sug- 
gestively drawn by Cestalt psychology. Novelty is to be 
found in the more complex acts of skill, but it is of a lower 
order than at the level of invention. As long as action 
remains within the limits of an act of skill, the insight re- 
quired is within the capacity of a trained individual and can 
be performed at will at any time. At the level of invention, 
however, the act of insight can be achieved only by superior 
persons under special constellations of circumstances. Such 
acts of insight frequently emerge in the course of performing 
acts of skill, though characteristically the act of insight is 
induced by the conscious perception of an unsatisfactory gap 
in knowledge or mode of action. 

Assuming that these terms describe something, the case for 
considering 'invention' and 'innovation' as important concerns for R 
& D policy within education is clear: Are there policies that would 
encourage and support such activities within mathematics educa- 
tion? Are there rates of invention discernible within mathematical 
education that are associated with organizational factors within the 
social systems that surround the field? Is there a set of comnion 
processes, or a spectrum of operations ('discovery, through pro- 
cessing, to application'), which can order our understanding of 
such inventive activity? Ano do findings about such matters have 
implications for how research and development in mathematics 
education is ordered and administered? 



While these might be yooci questions, their answers cle|jena on 
a clear definition of what we mean by 'invention' and 'inf)ovation'. 
Reaching such agreement upon a definition has been a problem 
whenever attempts have been made to ask questions of these 
kinds. V^liile it is seemingly easy to articulate distinctions that 
have reasonable intuitive power, it is hard to pin these intuitions 
down : 

. . .it is transparently clear that our present knowledge of 
the historiography and social studies of technology are in- 
adequate to satisfy the needs of policy-making theories. 
Current ideas are often naive and contradictory even in such 
basic theoretical infrastructures as 'technology and tech- 
nique', 'invention and innovation', and above all in the still 
mystical relationship between science and technology. What 
we need is knowledge ... to provide a means of relating to 
the social environment all that *ve presently understana about 
the substantive developmental changes in technical practice 
(Layton, 1977) 

How can we begin this task of breaking through these ambiguities 
within mathematics education? Clearly the first task is the develop- 
ment of a firmer understanding of what it is that we might be 
exploring . 

1 1 . Invention with mathematics education 

Before undertaking any attempt at a definition of 'invention' 
within mathematics education, let us consider two particular fields 
of mathematics, geometry and group theory and see how one might 
develop a spectrum of 'invention'. 

Hilbert's Grundlagen der Geometrie (1909) was surely an 
'invention' within mathematics.* It sets out to answer questions 
raised within mathematics and it offers solutions within mathe- 
matics. It contains, however, no concessions to pedagogy: there 
are, for example, no exercises for the reader intended to increase 
and test his understanding. 

*Platonists might prefer 'discovery' here; yet even if one takes a 
Platonic view, the mathematician still has to 'invent* the language 
needed to communicate the concept. 
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Halstud's K ational G uometry (1^07) is an atturnpt to rucast 
school geometry from a Hilbertian rather than an tuclidean point of 
view. It is tliereforo a pedagogical and curricular reS|j(3nse to 
Hilbert, and so would appear to lie within the domain of mathe- 
matics education. But is it an 'invention'? 'Yes' is the obvious 
answer, but we are forced to examine our terminology. Is 'in- 
vention' with its technological connotations exactly the riglit word? 
Would 'creative activity' serve our purposes better? What we liave 
in Halsted's Rational Geometry is a 'translation', a 'reinterpre- 
tation', and a 'filling-out'. Are these the activities which are at 
the core of 'creative activity' in mathematics education? Let us 
explore that possibility. 

In 1932 birkhoff published his paper "A set of postulates for 
plane geometry*' in Annals of Mathematics , His choice of a medium 
of communication places this 'invention' firmly at the mathematical 
end of a spectrum of creative activity in mathematics education. 
The message is addressed to fellow mathematicians and is couched 
in their language. Nevertheless, there is an essential difference 
between Hilbert's and birkhoff's axioms: Those of Birkhoff appear 
to have been chosen with pedagogical considerations in mind. Not 
surprisingly, therefore, these axioms have lent themselves more 
readily than Hilbert's to translation into classroom terms, first by 
Birkhoff and Beatley (1941), then by SMSG, 

We can, therefore, construct the following rough spectrum of 
this 'creative activity' within geometry: 



Halsted Birkhoff Hilbert 

Birkhoff and Beatley 

SMSG 

If we wished, we might attempt to find phrases to describe posi- 
tions on this spectrum: on the right we have 'mathematical ideas' 



in thu cunlor 'thu drfjwiny toyuthur ana ukiijorcition o( niathuiuiticdl 
ideas' and on tlic left 'tinu adaptation/ translalioii o( (natliLMnatical 
ideas'. However, our cinoice of exainpleb — uw axloinulic approucli to 
yeoinetry — Inas led to a filteriny at tlie bottom end of our spec- 
trum! VVInat Inappcns if wo consider transformation geometry? 

Here, perhaps, we can take Klein's Eriangen program ( 1872) 
as a riylnt-lnand marl<er. Somewhere to his left comes G. Thoinsen 
and his 'The treatment of elementary geometry by a group-cal- 
culus' (1^33) — a paper which expresses mathematical facts in a 
form still remote from the classroom, but in language which should 
reach a wider audience than 'the professional mathematician' . * 
Thus, the paper appears not in the Annals of ^iathematics but in 
the Mathematical Gazette . But the dangers inherent in any attempt 
to linearize invention (or most other things], become apparent 
when one attempts to find a place for Bachmann's Aufbau der 
Geometric aus dem Spiegelungsbegrif f (1959). For the moment let 
us not worry over much about how this bool< stands in relation to 
Thomsen: it can be agreed that Bachmann's worl< fits well to the 
right of our spectrum, to the right of, say Jeger's Konstru[<tive 
Abbildungsgeometrie which is, in its turn, to the right of, for 
example. Maxwell's Geometry through Transformations (1975) on 
the grounds that pedagogical considerations are given more em- 
phasis in the latter. 

SMP Bool<s 1-5 represent a different l<ind of creative activity. 
These bool<s reflect a concern for the provision of practical, 
real-life em bodiments for mathematical ideas. Similar worl< can be 
readily found in bool<s by other authors. Another type of inven- 
tion resulted from the manner in which early attempts to teach 
transformation geometry were hindered bv the difficulty children 
found in drawing and observing 'reflections'. This problem was 
eased by the 'invention' (in the conventional sense) of Mira-rnath 

*See also Thomsen (1 932). 
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c) sl(n|j|u piucu of classroom apijureuuti Intontiuci lo (aciliidiu 
practical work. Uut what kind of Mnvuntiun' is this, or Marion 
VValtor's 'mirror ccirds'? In both cases puUagocjical consiUerations 
arc foremost; thoy must thL^n take up positions on the far left of 
thu spectrum, (Mow, also, are we to classify Kj^rn^^'HI!' ^ ^fc^w^^ 
produced by Otto Maier Verlay, Ravensburg? This makes no claim 
to be connected with mathematics education, but probably teaches 
certain aspects of geometry far more effectively than most text- 
books.) 

A transformation geometry spectrum could, then, be: 

Finding new Adaptation of Drawing together Mathematical 

embodiments ideas of ideas ideas 



Walters SMP 1-5 Maxwell Jeger bachmann Klein (1872) 
Mira--math 

That the kind of classification suggested above the line on our 
'transformation geometry' spectrum might be a useful way of order- 
ing creative and inventive activity in mathematics and mathematics 
education is seen when we try to construct a similar spectrum for 
group theory. Here we have certain mathematicians, Cayley, Lie, 
Schur , Schreier , etc. who supply mathematical ideas. Other 
mathematicians, Jordan , Burnside, Kurosh, etc . draw together 
these ideas and present them in a form which their mathematical 
peers find useful or in a form which helps train a new generation 
of specialists. Other authors, van der Waerden, Birkhoff and 
MacLane, etc. incorporate such work in books intended to reach 
and inform wider audiences. (V^e recall that the first edition of 
Birkhoff and MacLane was not reviewed in the Anierican 
Mathematical Monthly on the grounds that such advance. riiat he- 
matics was not the concern of its readership.) In recent years 
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any nunihur of 'nuw iiuUh' tuxtei heivu ntt oil) |.) toil lo irfin_3l|Uu (jroii|-) 
thuury into tichooia (This roininqs tluU r^iii huicii crufitivu dctivity 
is not nucusiriiiriiy Ujoou* cuul tluit thorc \^ ,i nmui to consiUur inoru 
closuly wiuit is inucint l)y HiMntijfUion' unU, to horrow (roni lim 
IJririimcu oC (jroujj tiioory, wluit constitutor i:\ Mditlilui ttMnsicition* . J 
Finaily, wo havu luicl suvornl rittuinpls lo provide LMiiUKiimunts of 
group thuory, riinyiny Iroin tho biii)|>lo olKiorvullon tiiiit whon 
turnlncj a iiuittross wo ciro oxum|jiif yincj i<loin'i3 U)uv yroup, to 
oinboclimonts and gainos occasionally oxlruinoiy conlrivuU --to bo 
found in, for example, the worl<; ol iJionus or in 'porniutation' 
cards, 

Our considerations so far would seem to suycjest that within 
mathematical education curricular 'invention' takes two major forms; 
' a. translation - the process of 'makiny accessible' (See 
Kirsch, 1977} 
b. the provision of embodiments 

These, in their turn, can have varying relationships to different 
parts of mathematics and can exploit the potentialities of different 
media and modalities (e.g. enact ive , iconic and symbol ic) . And , 
further, all such attempts at translation and/or embodying must be 
considered in terms of their classroom practicality . Thus, authen- 
tic curricular 'invention' must confront pedagogical considerations 
and must face the problem of working out its propositions in 
classroom detail, e.g., the question of what kind of exercises we 
expect students to be able to attempt. 

In other words, it is clear perhaps that there is a distinctive 
kind of creative activity associated with work in mathematical 
education but it is also evident that much more must be done 
before we can say that we have even sketched all of its forms and 
located all of its dimensions. 
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Any cunt^iciordtion uf invuniivt-i or crtMtivu ciciivity wilhin 

fibsunu^ U)r ^^xm\)\u, tluU II is (lubirnlilu ihnt (luvuloi-Miiunii^ in 
iTuithuin^itic^ in t^chtjohi ruMoridlu with Uuvulopniunt^ in iiinlhMmnliCfii 
un(-lur55t(ini.llnc) nnd Ihiit such roe^ontincu niilliunticnlly iniilcht)^ 
nuuch of tichooh, Tiiu nrvily^ls outllnmi cjIjovd tiuijuuvii^i t\irllu)r 
thcil thu (luvul()|)fnunt. which ludus In such fUivnncos In t,c:hiu)l 
mathoiiuUlcs Is not d trivial tdsK; hiu Mucllo triuisldtlon' o( dU- 
V(inc(;d nuithonuitics will not survo tho uclKiols dnd 'invunllvu' or 
criuUivu work is ruqulroU to hrlny dclvfuicus In iiui thunui tics wilhin 
thtJ orbit of tho schools, And, as wo suuK to briiuj out undur- 
standing of those issues Into a structure of uiscussion, wu need to 
invoke the further assumption tliat it is possible and necessary to 
talk about the 'productivity' of creative activities by mathematics 
educators. 

_[f we can assume that sucli assumptions as tliese have merit, 
and Jjf the notion of productivity in particular can be explored in 
terms of the "inventive productivity" of communities or institutions 
of mathematicians and mathematics educators, a set of considera- 
tions bearing on policies for the organization of researcli and 
development in mathematics might be seen to emerge. Two sets of 
such considerations would seem to be important. First, what is the 
relationship between the state and health of research in mathe- 
matics in a social system or institutional structure and the state 
and health of mathematics education in that same system. Second, 
what is the relatonship between mathematics and mathematics educa- 
tion, and, in particular, is creative activity in mathematics educa- 
tional a quite different thing ~ with all of the implications that 
might follow for training programs and careers — than mathematics 
research? 

Given the ways in which the spectrum of creative activity 
outlined above has been developed it would seem clear that mathe- 
matics itself is an indispensable resource for approaching problems 
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nucgt^i^^n^y rulfitiunshi|) iHitv^iioo f:M:liVM iiu|Mirv in Mui(h»^Muuie:^ m ^\ 
fuuHicMlc^r iiiUiiltHnn^il CiJinnuinity <u)u {|»!VtMo(u)uui( in iHcidioiiivaicii 
udiiCfitiun , Thi^^ iNinU ot vviuilo -jtuiin hii vvnrtli invui^ti- 

tMtinu. Un^ iniylU, for iiibtfincu, ti|Hu:ulfilM thai iJrufUivu fU^tivily 
qtintMrinu on t\w cuirricnlnm it^ riib,iriL:Uni nu r^^i^uo to ciHinlriu::, 
nnci/nr in^^tiuition^ Uuit otm t^iijnitir.^nt i:nnlril)nlnr^i lu rMt,i), ircli in 
iiuUlutiD^M )t:^^ ,n)(l \nu/.h\ ijvnr llui ini| >lit:,ition UhW ^^iU:h ^\ riHatiun 

lUiwuvnr, it wutijci ^uiiii) lilNuly Ih^il, vvhilu t,[\u\] rMl^ilion^iliiph 
might ho Cfiue^^il, ^niiiulhlncj iiiurt) Ihtin (^rtuitivt) iiMtliunuitlCiil nctlvily 
\^ ru(|ulrucl to stiinul.ito systonuitlq proUiuUlvlty in ninllU!«))otich 
iuluciillon. It is tliiri oonsiiiortitlon wliicli hrlnij'. us to iliu h^um ut 
tiio lunm wlilcli onu luicjlU uso to duscriho (;riMtivo curriculuni 
clevolopfnont . To this point wu luivo oscilliiluti Ixjlwoun tlui turnih 
'crocitlve iictivlty' anU 'invontlon'. Tfiu .ipproprliitunoiiii of oruj 
such turm over another as a summary (kiscriptor of llio activity 
that interests us Is not easily resolvable In principle but in prac- 
tice an emphasis on the utility of 'Invention' iJormlts the rocognh 
tion that to be successful creative curricula r activity Involves 
linl<age activity analogous to that between different subsystems In 
technology: In the case of technology those can be thought of in 
terms of science, technology (or ways and means) and the economy 
(Aitl<en, 1976). In the case of curriculum in general these sub- 
systems would be the research disciplines, the ways ancj means 
and constraints belonging to the school as a sociotechnical system, 
and the contextual milieu and the consequent demands it makes on 
a subject lil<e mathematics. In either case an act of invention 
involves a transfer of information, and an individual or a group of 
individuals making a transfer, between these subsystems towards 
some practical ana practicable end. (Smolimowski , 1974). 

But these are speculations that call for investigation by way 
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of 

1. historical case studies of particular inventions and 
episodes of invention, and 

2. studies thrusting at the characterizatun of conditions 
which affect processes of invention with their 
implications for institutional and system development.* 

One immediate outcome of (2) could , for example, be a inves- 
tigation in the light of a criterion of inventive activity of a 
nation's (or an international) R and D system within mathematics 
education: 

International studies would seem, prima facie, to be critical to 
such endeavors. There would appear to be significant differences 
between countries in patterns of academic and 'mathematics educa- 
tion-system' organization which would affect propensities to inven- 
tive activity. Such patterns should yield understanding of the 
effectiveness of the different organizations and research centers of 
different kinds) and so permit an examination of a large variety of 
different organizational forms for their utility for different tasks. 
Likewise such comparative studies would facilitate the pursuit of 
cultural factors which have different effects on the developmental 
and inventive function. Figure 1, for example, outlines a set of 
institutional inputs to science, not all of which might be found in 
any country or at any moment of time but which might be salient 
as one considers the overall picture . Needless to say, such an 
array of possibilities bears on policy issues — given a determina- 
tion by individuals, institutions, and/or governments that inven- 
tion and inventive activity is an important task of the social sys- 
tems which surround mathematics education. 



*For models of such investigations, see Battelle (1974) and Lemaine 
et al. (1 976). 



These are, of course, issues for the future. We have, little 
systematic understanding within education of the nature of inven- 
tive activity and inevitably an even more limited understanainy of 
how planning and organization might facilitate improvements in 
rates of invention or subsequent differentiation and implementation. 
The hope is that these questions might be opened up along the 
lines suggested by a working group on 'science indicator studies' 
(Elkana et al., 1 978) as they planned a conference on science 
indicators : 



we were far from expert either in social indicators or in 
the quantative appraisal of current science. . . Our 
reluctance was mitigated by the thought that this would 
be the first venture into the applied historical sociology 
of scientific knowledge. Our invitation to the conference 
stated: We should like to pose the question, "V\/hat must 
one look at in order to estimate the condition of science 
as an intellectual activity or as a social institution?" \)le 
think of this question within a broad historical ana 
sociological frame rather than from a delimited point of 
view dealing with the present inputs and outputs of 
science measured in terms of men, money and materials. 
V\/e think that our discussions of Science Indicators 
should be problem-oriented. At best, we will be 
starting an on-going activity, designed to enlarge the 
scope and conceptual framework of thinking about 
science, (p. 14) 

Our goals must, of course, be even more tentative than 
these; education does not have a clear analogue to the somewhat 
halting field of science policy . We could not, for example, write a 
sentence such as Ziman's in Towards a Metric of Science Indicators 
(1978) : 



No significant systematic effort has been made so far, to 
determine whether the studies of, say, Joseph ben-David 
on relations between socio-organizational characteristics 
of academic systems and the growth of science, or of 
Robert Merton on relations between the institutionali- 
zation of science and prevailing social values, or of 
Warren Hagstrom on social mechanisms regulating 
scientific activity can help identify indicators for the 
state of science ana the ways in which their state could 
be affected by alternative public policies. 
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The undorstdfKiing of the undcrbtdndiny Zinian is reUccUny i?^ the 
t«jsk fuciiKj us tUuJ perhaps this goal is best put iu terms of 
devolopiny d brief for Idter work tlidt is more considered thrift tliis 
one. The detdils of thdt brief dre likewise prob<ibly best ex- 
prossiUi by ci p.irdplirdsci of the t»jniis used by the Pdio Alto con- 
ference; the (jodi of the consequent del iberdtion shouhJ be en- 
lanjinent of the sc:()|)e dnd conceptUfil lrjniewt)rk ol Ihinkiny about 
indtfuMndtii:s edueation as d credtive activity alfectin-j teaching and 
curricula in the scliools. 
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